The phase-space bounds on the mass of dark matter are mostly derived for isothermal galactic halos. In this paper, we study slight deviations from the isothermal condition. We show that if fermionic dark matter in galaxies has a Maxwellian distribution, small variations in the temperature of dark matter are negligible. However, in highly Fermi degenerate halos, diversions from constant temperature are multiplied by the infinite Fermi-Dirac integrals and can be significant. We develop computer software to study non-isothermal effects in the full range of classical to highly degenerate dark matter halos.
Introduction
A variety of independent observations leave no doubt on the existence of dark matter (DM). These include the early measurements of galaxies velocity dispersion in the Coma cluster [1] , the rotation curves in galaxies [2] , the recent measurements of the gravitational lensing [3, 4] , the Bullet cluster [5] , the anisotropies in the CMB [6] , and the large scale structures [7] .
No candidate particle is observed in any of the experimental searches [8, 9, 10, 11] . The only stable and invisible particles that have been observed are active neutrinos. Nevertheless, there are two obstacles against their candidacy for DM. The standard model (SM) predicts that neutrinos freeze-out relativistically in the early universe. This, on the other hand, contradicts the large scale structure observations that are in favor of a non-relativistic freeze-out. However, the relativistic freeze-out of neutrinos is not observationally confirmed and is solely a prediction of SM. On the other hand, the neutrino sector of SM is the least understood part of the theory, and its predictions are already at odds with observations [12] . It is, therefore, legitimate to question the validity of this prediction. As is shown in [13] and will be briefly discussed below, there is still a wide range of neutrino models that are allowed by observations in which neutrinos freeze-out non-relativistically in the early universe. In these scenarios, a negligible interaction keeps neutrinos in thermal contact until the temperature of the universe falls below their mass. It is interesting to note that the small scale crisis of the cold dark matter (CDM) model, has already motivated a wide range of self-interacting dark matter (SIDM) which has received high attention from the community [14, 15] .
Another limitation against the DM candidacy of active neutrinos originates from their fermionic nature. These bounds are derived by (I) assuming a phase-space distribution for DM in galaxies, (II) solving the hydrostatic equilibrium to fix the parameters of the assumed distribution, (III) compare the maximum of the distribution with the maximum allowed by the Fermi-Dirac distribution to find a lower limit on the mass of the fermionic DM. The lower limits on the mass of fermionic dark matter are usually above 1 keV if the assumed distribution is Maxwell-Boltzmann [16, 17] . Motivated by the core-cusp problem of CDM, these limitations are recently re-considered for highly degenerate isothermal DM halos where the lower bounds are shifted down to ∼ 100 eV [18, 19] . In the following, we discuss that a constant temperature across DM halos is not validated through observations. Moreover, even for collision-less DM models, there are a variety of heat generation mechanisms that can lead to at least slight deviations from isothermal models. In highly Fermi degenerate halos, these deviations will be amplified by infinite Fermi-Dirac integrals and become significant. We show that a slight temperature gradient in the high degeneracy regime substantially lowers the phase-space bounds on the mass of DM. It is important to note that regardless of the temperature of dark matter, there is always an upper DM mass below which the dark halo is degenerate. Therefore, the degeneracy condition will be satisfied precisely at the DM mass range that the so-called phase-space bounds are trying to rule out.
In this paper, we derive the most general hydrostatic equilibrium equation for a spherical Fermi-Dirac DM distribution. Computer software is developed to solve the field equations numerically. We validate the software by reproducing the classic isothermal exact solution of the hydrostatic equilibrium and the numeric solutions for fully degenerate isothermal DM. Since the analysis is meant to be general, rather than assuming a specific DM and galactic model in order to derive an equation for temperature gradient, we reserve the assumption for directly inserting a temperature profile into the software.
After assuming a linear temperature gradient, we use an optimization method to determine its single free parameter using the data for the dispersion velocity of the visible matter in the Fornax dwarf satellite galaxy of the Milky Way. The solution is then compared with an isothermal but otherwise identical system. We show that for a DM mass of 2 eV, the isothermal solution extends to around 500 kiloparsecs (kpc) while the non-isothermal solution has a radius of less than 1 kpc with a temperature gradient of not more than 0.002 Kelvin per kpc.
We also review the gravitational and non-gravitational frictions and gravitational contraction as the sources of heat generation and radiation and convection as the means of heat transfer in DM halos. The frictional effects may play crucial roles in satellite galaxies that move with relatively high speeds through their host galaxies. This paper is organized as follows. In section 2, we discuss the possibility of cold active neutrino DM. Section 3 is devoted to a brief review of the Fermi-Dirac statistics. In section 4, the equilibrium equations are derived.
The computer software for solving the equations is discussed. In section 5, we first validate the software by reproducing two known solutions of the equilibrium equations. Next, we discuss the phase-space bounds on the mass of DM. Finally, non-isothermal solutions are studied. Section 6 is devoted to the sources of heat generation and the means of heat transfer in galaxies. A conclusion will be drawn in section 7.
Cold active neutrino DM
Observations of the large scale structures in the universe are in favor of a cold DM [20, 21] . On the other hand, SM predicts that neutrinos are hot. Nevertheless, some of the predictions of the neutrino sector of SM are not consistent with observations [12] , and models of neutrinos are still being investigated today. More importantly, the hotness of active neutrinos has not been confirmed experimentally.
In this section, we would like to examine the possibility of introducing a weak long-range interaction between neutrinos such that they freeze-out cold in the early universe. The bounds on such interaction are the strongest if it acts on the charged leptons as well. In this case, the interaction contributes to the anomalous magnetic moment of electrons as the most precisely tested variable in physics. The standard model prediction for it can be found in [22] , and the experimentally measured value can be found in [23] . The two are in agreement in eleven significant digits. If the proposed interaction is QED-like, its correction to the anomalous magnetic moment is α 8π 2 where α is the corresponding fine structure. The anomalous magnetic moment leaves an upper bound of roughly α < 10 −10 on the fine structure of the dark interaction. It should be noted that the bound will be more relaxed if the interaction solely acts between neutrinos.
At this point, we explore if this weak interaction is strong enough to delay the neutrino freeze-out until the particles are cold. For a QED-like interaction, the Thomson scattering with a cross-section of 8(α /m) 2 is the most effective for our purposes. For neutrinos of mass m ∼ 1 eV and using the data-driven expansion profile of the universe, one can find that α has to be larger than 10 −14 to delay the freeze-out of neutrinos until they are cold. The bound is even lower for lighter particles. A detailed derivation of this bound can be found in [13] . From the considerations above, we see that there is still a wide range of unexplored phase-space, 10 −14 < α < 10 −10 , in which neutrinos can freeze-out non-relativistically in the early universe.
It is interesting to note that the small scale problems of CDM have motivated a class of by now prevalent SIDM with relativistic force carriers which are quite similar to our proposed scenario for active neutrinos. See for example [24] . The interaction between neutrinos not only helps to surpass the cosmological limitations of neutrino DM but also can be used to establish a temperature gradient in the DM halo which, as we will see later in this paper, is needed to surpass the so-called phase-space bounds. Nevertheless, we would like to emphasize that the phase-space analysis presented in the following is independent of interacting neutrinos and can be applied to any class of DM with any DM mass.
An overview of Fermi-Dirac statistics
In this section, we derive the equation of state (EOS) of a fermionic DM from its energy-momentum tensor. This approach is particularly advantageous if the corrections to the EOS due to possible interactions between DM are of interest. The action of a Dirac field reads
where g is the determinant of the metric, e is the tetrad, m is the mass of DM, and D is the covariant derivative. Since potential interactions have negligible effect on the EOS, we ignore them in this paper and replace D µ → ∂ µ . The energy-momentum tensor can be found from the action using its invariance under translations
The energy density and the pressure of the system are the temporal and the spatial components of the energy-momentum tensor respectively
where the integral is over microscopic scales and V is a local volume.
The equilibrium equations can be equivalently derived in the lab or freefalling frames. In the lab frame, one needs to use the weak field approxi- In a free-falling frame, the gravitational effects are absent, and the metric in Eq. (3) is Minkowskian. Working in this frame, we insert the free field expansion of the fermionic field
where the sum is over momentum and spin states respectively, ε k is the energy of each state, c σ k is the fermionic operator, and u σ (k) is the free fermionic spinor. After inserting this expansion into Eq. (3), the energy density and pressure read
Since c †σ k c σ k is the number operator, the number density can be written as
The observable quantities are the ensemble average of the corresponding quantum operators and the ensemble average of the number operator reads
where z is the fugacity, and β = 1 kT is the inverse of the Boltzmann constant times the temperature. At this point we make the following replacement
and define α ≡ h √ 2πm in terms of the Planck constant. Using the nonrelativistic approximation ε m + p 2 2m , and inserting Eq. (7) into Eq. (5), the pressure, the energy density, and the mass density defined as ρ ≡ mn read
where the Fermi-Dirac integrals are defined as
and Γ(ν) is the gamma function. The equation of state can be easily read from Eq. (9)
whre
When z 1, any Fermi-Dirac integral is approximately equal to z and Eq.
(11) reduces to the EOS of the classical ideal gas P = nkT .
Conservation of energy-momentum and stability equations
With a simple transformation, the energy-momentum tensor in the lab frame can be found from the components in the free-falling frame. The conservation of the energy-momentum tensor together with Newton's field equation leads to the equation for hydrostatic equilibrium
where G is Newton's constant, and M (r) is the mass enclosed within the distance r. For strong gravitational effects and assuming the validity of the Einstein equation, the conservation law leads to the Tolman-Oppenheimer-
which we will not be using in this paper. If DM annihilation and creation are not significant, the conservation of the energy-momentum also implies
which is the conservation of mass. The two equations can be combined into a second order differential equation
Stability equation in dimensionless variables and computer software
Inserting the pressure and mass density from Eq. (9) into Eq. (15), the hydrostatic equilibrium equation reads
where the dimensionless variables are defined as ξ ≡ 
On the other hand, in the classical limits, the logarithm can be converted into the fugacity with no difficulty. Therefore, numerical solutions of the differential equation are sought in terms of y and Ln(s).
A computer program is developed to study galaxies at any temperature and fugacity [25] . The mass of DM, the central values for the number density and the temperature, and the second derivative of the dimensionless temperature with respect to ξ are taken from the user as inputs. The latter is to preserve the generality of the software and allows linking the program to data-driven optimization methods for phenomenological investigation of galactic temperatures. The reason for this approach is that, as we will see in section 6, the equation for temperature gradient not only depends on the DM model but also is a function of the environmental variables of a specific galaxy.
The software starts from the center of the galaxy and moves toward the edge in the steps of a tenth of a parsec (pc) until the density reaches onethousandth of its value at the center. At any iteration, the software determines if the system is in the high or partial or non-degenerate regime. It then uses the appropriate approximations to calculate the Fermi-Dirac integrals.
In the case of partial degeneracy where no asymptotic behavior is known, the software uses some stored tables that are made by numerically solving the exact form of the Fermi-Dirac integrals. These set of procedures have improved the speed performance of the software, and results are usually returned within a few seconds to a few minutes, depending on the model under study.
Study of galaxies
In this section, we would like to use the software to study different DM models. We first validate the software by reproducing two known solutions of the differential equations. Next, we discuss the phase-space bounds on the mass of fermionic DM. A study of non-isothermal dwarf galaxies made of dark particles with the mass of 2 eV is presented in the end.
Software validation
For validation purposes, we start with an isothermal model with DM mass of 1 MeV at the temperature of 1300 Kelvin, and mass density of 8 × 10 −20 kg · m −3 at 1 parsec from the center. The initial parameters are chosen such that the system is in the classical regime where the hydrostatic equation has an exact solution of the form the system is shown in figure 2 where the mass density and total mass of the system are in agreement with those reported in [18] . Since the temperature is not exactly zero, the logarithm of the fugacity is decreasing instead of being infinite as in [18] . Nevertheless, as far as this logarithm is large enough, the full degeneracy regime is valid and the results are stable. This can be understood using the Sommerfeld perturbation of the Fermi-Dirac integrals in Eq. (17).
In the two solutions above, the entire DM halo is either non-degenerate or highly degenerate. As the last validation, we reproduce the double plateau solution in [26, 27] where DM halo is highly degenerate at the center, partially degenerate in the middle, and non-degenerate close to the edge. To achieve such solution, we choose the mass of DM to be 200 eV, the density at the center to be ρ 0 = 10 −21 kg·m −3 , and the temperature at the center to be T 0 = 0.0003 Kelvin. The solution is depicted in figure 3 . It should be noted that, unlike in the previous two solutions, both of the axes are transformed into the logarithmic scales to reproduce the looks of the corresponding solutions in the references. Dirac statistics of particles. The same bounds apply to some non-fermionic models of dark matter [28] .
Phase-space mass bounds on DM mass
True models of galactic fermionic DM were later studied in for instance [26, 29, 27] . A lower bound on the mass of a genuinely fermionic DM can be derived using the lower limit of its dispersion velocity at the full degeneracy level, see for instance [17, 19] 
If the Maxwell-Boltzmann distribution governs a coarse-grained fermionic DM, its dispersion velocity still needs to be larger than the minimum in Eq. (19) , and the inequality leads to a lower limit on the mass of DM. In [18] , it is discussed that the inequality is trivial if DM halo is made of a degenerate Fermi gas. In fact, the inequality is trivial as far as the phasespace of DM is the Fermi-Dirac distribution. To see this, we start with the definition of the dispersion velocity
whose minimum is equal to Recently, fully degenerate models of DM halo have attracted attention mainly due to their potentials for addressing the core-cusp problem [30, 18, 31, 19] . These studies indicate that the lower limit on the mass of DM in a fully degenerate system is of the order of 100 eV which is substantially less than the lower bound that is derived for Maxwellian DM distributions.
The studies are, however, focused on isothermal scenarios. In this paper, we would like to investigate non-isothermal but still highly degenerate DM halos. The importance of our study can be shown by first taking a derivative of the mass density in Eq. (9)
and then noting that in this equation the temperature gradient dy dξ is multiplied by the Fermi-Dirac integral f 3 2 (z). In a classical system, the Fermi-Dirac integral is close to zero and small departures from an isothermal profile dy dξ = 0 are negligible. On the contrary, in a highly degenerate system the Fermi-Dirac integral is nearly infinite and small deviations from a constant temperature will be amplified. In the case that the amplified term is dominant, dy dξ = 0 is an extremely fine-tuned and non-realistic assumption. It is hard to imagine an exactly constant temperature over thousands of light years.
Non-isothermal galaxies
Dwarf satellites are among the densest DM dominated galaxies that are often used to place the most stringent lower limits on the mass of fermionic DM. In this section, we use the observations of dwarf galaxies to investigate the effects of a temperature gradient on the lower mass limits. Our strategy is to (I) assume a DM mass of 2 eV and a mass density of 1.95×10 −21 kg·m −3 at the center, (II) assume a temperature profile of the form d 2 y dξ 2 = −a where a is a positive free parameter, (III) use the data for the line of sight dispersion velocity of the Fornax dwarf satellite of the Milky Way to derive the parameter of the temperature profile as well as the temperature at the center of the galaxy. These are then used as inputs for the software to find the corresponding mass density profile.
The line of sight dispersion velocity is given by [33] 
where asterisk refers to the visible matter and I(r) is a projection profile.
Following [32] , we choose the Plummer profile 
where L is the luminosity and will be canceled out in the following and r half is the half radius and in the Fornax dwarf galaxy is equal to ∼650 pc [32] .
The dispersion velocity of the visible matter can be determined using the equation for the hydrostatic equilibrium
where the total mass can be approximated by the mass of DM. Therefore, a simple integration reads where the visible matter is approximated by a classical ideal gas as in [34] with the EOS of P * = ρ * kT * m * ≡ ρ * σ * 2 . At this point we have all the components for calculating the line of sight dispersion velocity. Using the data for the Fornax dwarf galaxy reported in [32] and using a simple optimization method, we find that T 0 = 0.01 Kelvin and a = 2.2 × 10 6 equivalent to a temperature gradient of not more than 0.02 Kelvin per kpc. The data and the best fit line are shown in figure 4 . The corresponding profile of the galaxy is shown in figure 5(top) . The isothermal profile of the otherwise the same system is shown in figure 5(bottom) . The figures indicate that host galaxies like the Milky Way are much larger than compact dwarf galaxies because the two have different temperature profiles.
In an interacting DM model, dwarf galaxies moving through their host, experience a friction that can lead to their needed temperature gradient. The same friction is on the other hand negligible for the host galaxy leading to less (or no) temperature gradient.
Eq. (22) explains why the non-isothermal system does not extend beyond 1 kpc. At around the edge, the temperature is low and fugacity is almost infinite. Therefore, y figure 6 where one can see that the gradient of mass density is extremely large at the edge. The increase in the fugacity of the non-isothermal galaxy can be understood from
which is obtained after rewriting the mass density in Eq. 9 using the Sommerfeld approximation. The temperature gradient of the dwarf galaxy is shown in figure 7 (left). The maximum of the absolute value of the temperature gradient is only 0.002 Kelvin per kpc. Figure 7 (right) indicates that DM has higher kinetic energy than the gravitational potential energy at the center. Even though the DM halo is in hydrostatic equilibrium and the net flux of mass is zero, if an imaginary bubble of mass starts to move toward the edge, it loses its kinetic energy to its colder surrounding. Therefore, by the time it arrives at the edge of the galaxy, its kinetic energy has fallen below its gravitational potential energy as can be seen from the figure. always has the same temperature as its surrounding.
Sources of heat generation and heat transfer
In the preceding section, we showed that a temperature gradient of not more than one-thousandth of a Kelvin per every 3000 light years could explain the small size of a dwarf galaxy made of DM with the mass of 2 eV. In this section, we show that unlike the equation for hydrostatic equilibrium, the temperature gradient does not have a unique equation. Temperature profiles in galaxies not only depend on the model of DM but also are functions of properties such as relative speeds, the position of other galaxies, and the mass densities. We specifically discuss the means of heat transfer like radiation and convection and the origins of the heat, such as gravitational contraction 
where v is the relative speed. The density dependence of the drag force indicates that the generated heat, equivalent to the work done by the force, is not evenly distributed in the galaxy.
Contraction
Conversion of the gravitational potential energy to the kinetic energy of DM is another mean for heating galaxies. The well-known Kelvin-Helmholtz mechanism belongs to this category. The simplest form of this mechanism is when a single particle that is at rest at the edge of a galaxy falls toward the center. As it moves further inside, its kinetic energy and therefore kT m increases due to the conservation of energy.
Radiation
In collision-less DM models, only gravitational sources are available for radiation. The Kelvin-Helmholtz mechanism is an example. If DM interacts through a long-range force, in SIDM category, for example, DM can cool down through dark radiations, for instance see [13, 24, 35, 36] . The
Eddington equation for temperature gradient due to radiation reads [37] dT dr
where κ is a constant and L is the luminosity of the radiation at distance r from the center.
Convection
Convection is the most efficient mean of heat transfer and is available to both collision-less and interacting DM models. Since in the literature, the criteria for a system to be convective is mostly derived for ideal classical gases, we discuss convection in Fermi-Dirac systems in more details.
In the following, we first derive a few equations for adiabatic processes and then move to the subject of convection. In a close system, entropy takes the following form S = S(N, EV 
On the other hand, a derivative of Eq. (11) is equal to
where using dfν (z)
Combining the two gradients of pressure, the temperature gradient in an adiabatic process reads
where the second term is only present in non-classical systems.
Even in hydrostatic equilibrium, mass bubbles are continually moving up and down microscopically. If the displaced bubbles continue their motions for longer distances, the system becomes convective. During the displacement, the density of the mass bubbles changes such that the pressure equilibrium is maintained. Therefore, the mass density of the bubble in the new location reads D(r ± ∆r) = D(r) ± dD dr ∆r.
In this process the mass density of the surrounding also changes as
The net force on the bubble in the new location is the sum of the gravitational and the Archimedes forces
If the net force is positive(negative) in the outer(inner) location, the bubble continues its motion until it is dissolved and the system becomes convective. Otherwise, the bubble moves back to its original location, and no heat transfer takes place.
The change in the bubble, and not necessarily in the surrounding, is usually fast enough that can be assumed adiabatic. Therefore, using Eq. (30)
where we have used the fact that the pressure and the initial density of the bubble are always equal to the corresponding ones of the surrounding.
Consequently, using Eq. (36), the criteria for the convection reads
Replacing the first term by its equivalent using Eq. (31) and with a straightforward calculation, the condition for the convection in terms of the temperature gradient reads
The right hand side is the adiabatic temperature gradient according to Eq. (33).
If the heat transfer is fast enough and the galaxy under study is convective, one can take the equality in this equation to determine the temperature gradient in the software rather than directly assuming a temperature profile.
In the end, it should be mentioned that in a convective system, the net flux of mass is zero due to the existence of both incoming and outgoing bubbles. Also, since the incoming bubbles are colder than their surroundings and the outgoing ones are hotter than their surroundings, the heat transfer is effectively outward. More details on convection can be found in the literature.
Conclusions and Discussions
We have derived the EOS of a fermionic DM and combined it with the conservation of energy-momentum to find the most general hydrostatic equilibrium equation for spherical halos. Computer software has been developed for the sake of studying the possible solutions of the differential equations.
From non-degenerate to highly degenerate Fermi halos with any temperature profile can be investigated with the software. Two known solutions of the equations are reproduced as validations. The effects of small deviations from a constant temperature profile are studied. We have shown that while slight variations in the DM temperature do not lead to significant changes in non-degenerate halos, they can lead to an entirely different mass density profile when the fugacity of DM tends to infinity.
To show that extremely light DM cannot be ruled out by phase-space considerations, we have used the observed line of sight dispersion velocity of the Fornax dwarf galaxy to derive the temperature profile of its DM halo assuming that the DM mass is 2 eV. We assume a linear temperature gradient with one free parameter and use a simple optimization method to find the best fit to the data. With a temperature gradient whose maximum is ∼ 0.002
Kelvin per 3000 light years, it is possible to build a halo with the mass of are not observed yet. Therefore, it is legitimate to question SM's prediction that active neutrinos freeze-out relativistically in the early universe. We use the anomalous magnetic moment of electrons as the most precisely tested variable in physics to derive an upper limit on the strength of a new interaction that couples equally to both electrons and neutrinos. We show that the upper limit is a few orders of magnitude higher than the weakest force that is needed to keep neutrinos in thermal contact until they freeze-out cold in the early universe.
In the end, we would like to clarify a few possibly ambiguous points.
It may appear that by using the reference frame attached to the center of the galaxy and introducing the gravitational potential energy to the energy of particles in the Fermi-Dirac integrals, and by explicitly expressing the fugacity in terms of the chemical potential, one can remove the temperature dependence of the mass density. The argument goes as follows. In the high degeneracy limit, using the Sommerfeld approximation, the mass density reads ρ = 2mk 
On the other hand, the logarithm of the fugacity is
where φ is the gravitational potential energy in the reference attached to the center of the galaxy, and µ is the chemical potential. Therefore, the two temperatures cancel out and the mass density reads
At this point, it may seem that the change of variables has removed the temperature dependence of the mass density. This argument is incorrect because the chemical potential µ is still a non-linear function of temperature.
The importance of this temperature dependence is that in non-isothermal galaxies, the derivative of the temperature is not zero. Therefore, a derivative of the mass density reads
where the derivative of the chemical potential is a non-isothermal-specific term giving rise to the differences with respect to the isothermal solutions.
Another ambiguity that may arise is that the mass density at T 0 is not a function of temperature because it can be expressed as a function of the Fermi momentum which has no temperature dependence. This argument is also not correct. The mass density in Eq. 9 can be written as ρ ∝ 
Therefore, at zero temperature,
where the chemical potential at zero temperature µ| T 0 is defined as the Fermi energy p 2 f 2m where p f is the Fermi momentum. Clearly ρ| T 0 is not a function of temperature. This, however, does not mean that ∂ρ ∂T | T 0 is zero. The latter is the term that we have studied in the paper and appears as a non-isothermal-specific term in the differential equations.
Also, one may mistakenly think that it is not possible to compress fermions into extremely small regions because otherwise, the Pauli exclusion principle will be violated. By squeezing the fermions of a container, they will occupy higher momentum levels due to the phase space limitation. Therefore, the pressure on the inner walls of the container will increase. If our force on the outer wall of the box is large enough, we can compress the fermions into arbitrarily small regions. Therefore, it is the stability equation To answer this, we should note that the temperature gradient in Eq. 22 is multiplied by infinite Fermi-Dirac integrals. In the case of isothermal galaxies, we are assuming that the zero temperature-gradient times the infinite Fermi-Dirac integral is zero, which in some cases can be a fine-tuned assumption.
